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The Rules

This document contains the problem sets made for a course in Elementary Number
Theory. We follow a discovery approach. Every day, you will get a problem set with
25 problems. You are supposed to do them all (on your own) and write your solutions
neatly. In the lectures we may discuss definitions and theorems which you may have
already discovered (and proved) on your own, in earlier problem sets. Tutorials are for
discussing difficulties.

Here are the rules.

(1) There will be a large number of calculations. Do them by hand. A common
hand calculator is allowed. No sage.

(2) Write down the solutions neatly.

(3) Do problems in order.

(4) Finish them before the next day.

(5) DO NOT LOOK AT THE INTERNET OR REFER TO ANY BOOK UNTIL
WE ASK YOU TO.

(6) You may discuss difficulties with each other, but only after trying the problems
yourself.

(7) You have to do ALL the problems in the problem set.

(8) Begin Problem Set k+1 only after doing Problem Set k.

Notation. We denote by N the set consisting of the natural numbers 1, 2, 3, .... We
also use the notation
Nyo:=Nu{0} ={0,1,2,...}.
We use Z for the set of integers.
7Z={0,+£1,42,...}.

We shall take for granted the notation of sets: a € A means a is an element of A, ¢
denotes the empty set, U and N are used for unions and intersections.



PROBLEM SET 1

1.1. Use a rectangular grid of dots to represent the multiplication 4 x 7.

1.2. Use dots to divide 27 by 5; 17 dots can be broken into groups of 5, and some dots
are left over. Identify ¢ and r where 27 = 5q + r.

1.3. Use a rectangular grid of dots to represent the multiplication 72. Can you tell why
this is read ‘seven square’?

1.4. List the first 21 squares; i.e., list n?, for n = 0,1, ..., 20.
1.5. Calculate 1+3+4+---+2n—1forn=1,2,3,4,5.

1.6. With 15 dots, how many rectangles of size m X n can you make? List all m,n such
that m x n = 15.

1.7. With 23 dots, how many rectangles of size m x n can you make? List all m,n such
that m x n = 23.

Definition 1.1 (Divisor). We say d | n (read d divides n, or d is a divisor of n) if there
is an integer m such that n = d x m. Another word used for divisor is factor.

Remark 1.2. The number 1 is a divisor of every natural number. By convention, any
number n divides 0.

1.8. List all (positive) divisors of 15.

Note. Usually only positive divisors are considered.

1.9. List all (positive) divisors of 23.

Definition 1.3. A number p > 1 is a prime if the only divisors of p are 1 and p itself.
1.10. List all divisors of all the numbers from 1 to 20.

1.11. List all the primes smaller than 20.

1.12. Show that if a | b and b | ¢ then a | c.

1.13. Show that if n | @ and n | b, then n | a + b.

1.14. Show that if a | m and a | n then for all x, y integers, a | mx + ny.

1.15. Show that a number m > 1 is either a prime or divisible by a number d, with
d < m.

Remark. A number n > 1 which is not prime is said to be composite.

1



Elementary Number Theory G. Bhatnagar, O. Kumar and S. Shrivastava

Proposition 1.4 (The well ordering principle (WOP)). Let S be a non-empty subset of
N. Then S has a least element; i.e., there is an r € S such that r < n for alln € S.

Remark. We will not prove WOP but take it for granted. We will show later that WOP
is equivalent to the Principle of Mathematical Induction.

1.16. Write 12 as a product of primes.
1.17. Is 91 a prime?
1.18. Write 170 as a product of primes.
1.19. Write 360 as a product of primes.
1.20. List all divisors of 360.
1.21. Use WOP to show that any natural number n > 1 is a product of primes.
Definition 1.5. Let n € Ny. Then n! is defined recursively as
or=1
nl=mnx(n—1)!
1.22. Calculate 6!.
1.23. Show that 4! + n is divisible by n for n = 1,2, 3, 4.
1.24. Find three consecutive composite numbers.

1.25. Find 10 consecutive composite numbers.



PROBLEM SET 2

Definition 2.1 (GCD). The greatest common divisor of two numbers n and m is a
number d such that

(a.) d | m and d | n.
(b.) d is the greatest with this property; i.e., if d’ divides n and m, then d’' < d.

We denote the GCD of two numbers n and m by (n,m).
2.1. What is (5,15)?

2.2. Find (7,91).

2.3. If m | n, then what is (m,n)?

2.4. Write 18 and 24 as a product of prime factors.

2.5. Find (18,24) by using the above product form.
2.6. Find (153, 795).

2.7. Find a number n > 10 such that (5,n) = 1 and a number m > 10 such that
(5,m) = 5.

2.8. Let p be a prime and n € N. Show that (p,n) =1 or (p,n) = p.
Theorem 2.2 (The Principle of Mathematical Induction). Let S C N such that

(i.) 1€ S.
(ii.) If k € S then k+1€ S.

Then S = N.

Note. A similar statement works for Nj.

2.9. Prove Theorem 2.2 using WOP.

2.10. Let O(n) be the sum of the first n odd numbers; i.e.,
On)=14+3+5+---+(2n—-1).

Prove that O(n) = n?.

2.11. Let E(n) be the sum of the first n even numbers. Use the formula for O(n) to
find a formula for E(n).

2.12. Let T'(n) be the sum of the first n numbers. Show that
n(n+1)

T(n) = —
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Note. You need to use induction for only one of the above three problems.
Remark. When d is a divisor of n, we say n is a multiple of d.
2.13. Find all natural numbers less than 20 that are multiples of 5.
2.14. Find all natural numbers less than 100 that are multiples of 11.
2.15. Find all positive multiples of 13 less than 100.
2.16. List the elements of the set
S={r>0|r=3782— 620k, k € N}.
What is the least element of 57?7

2.17. Let m,n be two natural numbers, n > m, and
S={n—-—kmeNy|keN}
By WOP, S has a least element, say r. Show that if » = 0, then m | n.

Theorem 2.3 (Division algorithm). Given any two numbers m and n, there are numbers
q and r such that n = mq+ 1, and either r =0 or 0 < r < m. The number q is called
the quotient and r the remainder.

2.18. Convince yourself we have proved Theorem 2.3. Write this convincing argument.

Definition 2.4 (Congruence). We say a = b (mod n) if n | a — b. This is read ‘a is
congruent to b mod n’.

Remark. The number a is congruent to b mod n if and only if they leave the same
remainder when divided by n.

2.19. List the ten smallest, positive numbers congruent to 3 mod 5.

2.20. Write 5! as a product of prime numbers. Count the number of zeros it has.
2.21. How many numbers below 100 are divisible by 57

2.22. How many numbers below 100 are divisible by 77

Definition 2.5 (Greatest integer or floor function). We use the notation |z] to denote
the greatest integer n < .

Example 2.6. [12%] =20 and [12] = 14.
2.23. What is the remainder when 2 x 3 x 5+ 1 is divided by 2, 3 or 5?
2.24. Let p1, po, ..., pi be the first k primes. Let P be defined as

P =pip2---pg.
Show that P + 1 when divided by p; leaves remainder 1, for all ¢ = 1,2,... k.

Theorem 2.7 (Euclid). The number of primes is infinite.

2.25. Prove Theorem 2.7.



PROBLEM SET 3

3.1. Simplify the following;:
(1—-2)1+=z),
(1—2z)(1+z+ %),
(1—2)1+z4+ 2%+ 2%).
3.2. Factor: 23 — 1.
3.3. Factor: z3 + 1.
3.4. Write 5 positive integers congruent to 3 mod 11.
3.5. List the ten smallest natural numbers congruent to 1 mod 4.
3.6. List the ten smallest natural numbers congruent to 3 mod 4.
3.7. Consider the arithmetic sequence
a,a+d,a+2d,...,a+nd.
Show that

n

D (a+kd)=(n+1)a+d
k=0

E(k+1)

3.8. Verify that formula you found earlier for the sum of the first n odd numbers, by
using this formula.

3.9. Find the sum of the first 10 positive numbers that are congruent to 3 mod 11.
3.10. Write 6 consecutive composite numbers.

3.11. Show that for any N, there is a set of N consecutive composite numbers.
3.12. Write the prime factorization of 10!.

3.13. What is a if 100! = 5%m, where 5 does not divide m; that is, what is the highest
power of 5 that divides 100!7

3.14. Find the number of zeros at the end of 100!. That is, what is the largest number
a such that 10% divides 100!.

3.15. Show that if a = b (mod m) and b = ¢ (mod m), then a = ¢ (mod m).
3.16. Show that if @ = b (mod m), then ac = be (mod m).
3.17. Find all z such that 3z =1 (mod 7). If no such z exists, then say so.

5
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3.18. Find all = such that 3z =1 (mod 6). If no such = exists, then say so.
3.19. Find all z such that 3z =0 (mod 12). If no such z exists, then say so.

3.20. Let
S={z+2y|zyel}
List all elements of S.

3.21. Let
S={2z+3y|z,y€L}
List all elements of S.

3.22. Let
S={2z+4y|=z,y €L}
List all elements of S.

Definition 3.1. Let n € N. Define nZ to be the set of all the multiples of n. Here we
allow multiples to be negative numbers.

3.23. Let a and b be two integers, not both zero.
S={ax+by|z,yecZ}

Let ST denote the positive numbers in S. Show ST is non-empty. By WOP, it has a
least element, say d. Show that for all s € S, d | s.

3.24. In the problem above, show that d = (a,b).

Theorem 3.2. Let a and b be two integers. Let d = (a,b). Then the equation ax+by =n
has a solution if and only if d | n. In particular, there are x and y such that ax+by = d.

Note. Convince yourself that we have already proved this theorem in the problems
above.

3.25. Show that any common divisor of m and n divides d = (m,n).



PROBLEM SET 4

4.1. Find z and y integers (if possible) such that 3z + 8y = 2. If this is not possible,
say why.

4.2. Find z and y integers (if possible) such that 3x + 6y = 2. If this is not possible,
say why.

4.3. Let a > b be two positive numbers. Show that (a,b) = (a — b,b) and (a,a) = a.

4.4. The Fibonacci sequence is defined by: fo =0, fi =1 and f+1 = fi, + fn—1. Write
down f, for n=0,1,...,5. Find (fn41, fn) for n > 1.

Theorem 4.1. Let p be a prime such that p | ab. The either p | a or p | b.

4.5. Prove Theorem 4.1. Note that to prove a statement of the form ‘Either P or Q’, you
can assume ‘Not P’ and prove ‘Q’. (Hint. When proving something, go over previously
proved statements to get ideas on what you can use.)

4.6. Let (a,b) = d, and ¢ > 0. Show that (ac,bc) = dec.

4.7 (Eratosthenes Sieve). Find all the primes < 100 by using the following technique.
Begin by writing the numbers < 100 as shown, and cross of the 1. Circle 2 and cross of
all multiples of 2. Circle 3 and cross of all multiples of 3. Carry on in this fashion until
all numbers are either circled or cancelled.

¥ 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 80
81 82 83 84 85 8 87 88 89 90
91 92 93 94 95 96 97 98 99 100

Write down all the numbers that are circled. Argue that the numbers that are circled
are all the primes less than or equal to 100.

4.8. Let n be a number. Show that if n is not prime then it is divisible by a prime p
such that p < /n.



Elementary Number Theory G. Bhatnagar, O. Kumar and S. Shrivastava

Remark. This shows that in computing the Eratosthenes sieve to find primes upto 100,
we only need to cross off multiples of primes less that 10, i.e. until 7.

4.9. Factor 198 as a product of primes. Write the factors in standard form; that is,
write the primes in increasing order so you get an expression of the form

where p1, p2, ..., pr are the distinct primes dividing 198, and a; > 0.

4.10. Let n = 3352117 and m = 325°73. What is the largest power of 3 that divides
both n and m?

4.11. Let n and m be as above. What is the smallest power of 5 that a common multiple
of n and m must have?

Definition 4.2. We define Z,, as:
Zyn :={0,1,2,...,n—1}.
This is called the residue class mod n.

Remark 4.3. Any number a is congruent to some r mod n, where r is one of 0, 1,
2, ..., n—1. So we say a is ‘in the class of r modulo n’. The number r is simply a
representative of that ‘class’. For example, the integers congruent to 1 mod 4 are:

[1]:={..,—11,-7,-3,1,5,9,... }.
This set’s representative in Zy4 is 1.
Note. In the following, find = € Z,,, for a suitable n.
4.12. Solve the equation 3z =1 (mod 11). If no such z exists, then say so.

4.13. Solve the equation 22> = —1 (mod 7). If no such z exists, then say so. (Note that
—1 =6 (mod 7), because 6 — ( 1) = 7 is divisible by 7.)

4.14. Solve the equation 4z =1 (mod 7). If no such x exists, then say so.
4.15. Solve the equation 4z =1 (mod 6). If no such x exists, then say so.
4.16. Solve the equation 7x = 1 (mod 18). If no such x exists, then say so.
4.17. Solve the equation 8z =1 (mod 18). If no such x exists, then say so.
4.18. Calculate 3z (mod 7) for all x € Z7. (Your answers should be in Z7.)
4.19. Calculate 3z (mod 8) for all x € Zs.

4.20. Calculate 3z (mod 9) for all x € Zg.

4.21. Simplify:
(1-2)1+z+a®+---+2').

4.22 (Geometric Sum). Prove that

1 — "t
Z:c g
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4.23. Show that
" — yn — (l‘ _ y) (xn—l +xn—2y+ L _|_$yn—2 +yn—1) .

4.24 (Fermat numbers). Let
Fp:=2" 1.
Compute Fy, Iy, F3 and Fy.

4.25. Show that F), | Fy, 4 — 2, for natural numbers n and k.



PROBLEM SET 5

Definition 5.1. Let A and B be sets. Define the set A + B as the set of elements a + b
where a € A and b € B.

5.1. Let A =27 =1{0,—-2,2,—4,4,—6,6,... } and similarly, define B = 3Z. Find A+ B.
5.2. Find a d such that 6Z + 9Z = dZ.

5.3. Express 98 as a product of primes. Write the factors in standard form, as powers
of distinct primes.

5.4. Express 350 as a product of primes in standard form.

Theorem 5.2 (Fundamental Theorem of Arithmetic). A number can be expressed in
only one way as a product of primes in standard form; that is, apart from reordering the
primes, there is only one way of expressing a number as a product of primes.

5.5. Show that any number n can be written in the form

n=pi'py’ Pyt
where p1, po, ..., pr are the primes dividing n and a; > 0.

5.6. Suppose n = pi'py®---pp¥, and n = qll’1 qSQ . -qlbl, where the p;’s and ¢;’s are primes

and a;’s and b;’s natural numbers. Here p;’s are distinct and ¢;’s are distinct. Show that
p1 = q; for some j.

5.7. Suppose n = py'p3? -+ pi¥, and n = plflpg? o 'pzk, where the p;’s are distinct primes.
Show that a1 = by.

5.8. Use the above to complete the proof of Theorem 5.2.
5.9. Find (98, 350).

Definition 5.3. Let a and b be two numbers. The least common multiple of ¢ and
b, which we will denote by [a, ] or lem(a, b), is the number m such that:

(i.) a|m and b | m.
(ii.) m is the smallest number with this property.

5.10. Find [98, 350).

5.11. Let m = p3¢®r™ and m = p?¢®s?, where p, q, 7, s are distinct prime numbers. What
is the largest power of p that divides both n and m?

5.12. Let m and n be as above. What is the smallest power of ¢ that a common multiple
of n and m must have?

10
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5.13. Let n = 13°17%223'2 and n = 3°11'2132. Find (n,m) and [n,m].

5.14. Consider the prime factorization of n?. Suppose p® comes in the prime factoriza-
tion of n? in standard form. Argue that a is even.

5.15. Consider the prime factorization of 2m?. Suppose 2% comes in the prime factor-
ization of 2m? in standard form. Argue that a is odd.

5.16. Find, if possible, n and m such that 2n? = m?, or show it is impossible.

5.17. Show that v/2 is irrational; i.e., there are no integers m and n such that v/2 = m/n.
5.18. Find integers x and y such that 3x 4+ 13y = 1.

5.19. Find x in Z;3 such that 3z =1 (mod 13).

5.20. Find y in Z3 such that 13y =1 (mod 3).

5.21. Find integers x and y such that bx + 23y = 1.

5.22. Find x in Zgg such that 5z =1 (mod 23).

5.23. Let a and n be positive numbers such that (a,n) = 1. Show that there is an
x € Zy, such that ax =1 (mod n).

5.24. Verify that 4z =1 (mod 6) has no solution in Zg.

5.25. Let a and n be positive numbers such that (a,n) > 1. Show that there is no
x € Zy, such that ax =1 (mod n).

11



PROBLEM SET 6

6.1. Let m, n be two numbers, n > m, and ¢ and r > 0 such that n = mq + r. That
is, on dividing n by m we get quotient ¢ and remainder r, and r is not 0. Prove that
(n,m) = (m,r). However, if r = 0, then (n,m) = m.

Remark 6.1 (Euclid’s algorithm to find GCD). Problem 6.1 shows how one can use
division to compute the ged. Divide n by m. If remainder r is not 0, (n,m) = (m,r).
Thus the problem is reduced to finding the GCD of smaller numbers. In the next step,
divide m by r. Suppose the remainder is ri. If r; = 0, then the GCD is r, since
(m,r) = r. Otherwise (m,r) = (r,r1). Continue this process until you obtain ry; = 0.
The GCD of n and m is r, (Why?). Note that the numbers n,m, r, r1, re, ... keep
decreasing, so at some point we have to get 0, and thus the process has to stop.

6.2. Find (21,6) using Remark 6.1, At each step corresponding to n = mq + r, find x
and y such that nz + my = r. Finally, calculate backwards to find  and y such that
21z + 6y = d, where d = (21,6).

6.3. Find (72,26) using Remark 6.1, At each step corresponding to n = mq + r, find x
and y such that nx + my = r. Finally, calculate backwards to find x and y such that
72z + 26y = d, where d = (72, 26).

Example 6.2. We can encapsulate all the calculations involved in finding the GCD
of two numbers in one object called a continued fraction. We do this by writing
n=mq-+r as

n r 1
—=q+—=q+ —.
m m m/r
Now repeat the process with *. Here is an example.

17 5
94 °
6 +6
1
—o4
*6/5
-
1+1
5

(@[N]

6.4. Find a continued fraction for
6.5. Find a continued fraction for

6.6. Find a continued fraction for

a9 By

12
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6.7. Find a continued fraction for %

6.8. Consider numbers of the form a™ + 1. Argue that if a is an odd number bigger than
1, then a™ + 1 cannot be prime.

6.9. Show that a% 4 1 is divisible by a? + 1, for any a € N.

6.10. Suppose n = m x k, with m > 1 an odd divisor of n. Then show that a” 4+ 1 is
not prime. Argue that if ™ + 1 is prime, then n = 2™ for some m.

6.11. Suppose n > 1 and a™ — 1 is a prime. Show a = 2 and n is a prime.

Remark 6.3. Primes of the form 2P —1, where p is prime, are called Mersenne primes.
6.12. Calculate the first four Mersenne primes.

6.13. Show that the product of two numbers congruent to 1 mod 4 is also 1 mod 4.

6.14. Let 2, p1, po2, ..., pi be the first k + 1 primes. Consider ¢ = 2%pi1ps---pr — 1.
Show that ¢ = 3 (mod 4), and p; does not divide ¢, for i = 1,2,... k.

6.15. Show that ¢ (as above) is either a prime, or has a prime factor (different from
2,p1,...,DPk, which is congruent to 3 mod 4.

6.16. Show that there are an infinite number of primes of the form 4n + 3.
6.17. Find the first five primes congruent to 3 mod 4.

Theorem 6.4. Let

_ ai,a ak _ b1, b by
n=p'py®---pt, and m = pi'py? - pt,

where we allow some a;’s and b;’s to be 0. Let m; be the minimum of a; and b;, and M;
the maximum of a; and b;, fori=1,2,...,k. Then
(nym) = py"'py"® -+ pi*;
[n,m] = p"py" - p.
6.18. Prove Theorem 6.4.
Theorem 6.5. Let n and m be two numbers. Then
(n,m) X [n,m] = nm.

6.19. Prove Theorem 6.5.

6.20. Let a and b be numbers with (a,b) = 1 and a® = 25b%. Show that if p is a prime
that divides b, then p has to divide a.

6.21. Let N, a and b be numbers with (a,b) = 1 and ™ = Nb™ for some m € N. Show
that b = 1.

6.22. Show that if V is not the mth power of a number, then /N is irrational.
6.23. List ten irrational numbers other than /2.

Remark 6.6. Let a, b and ¢ be integers and n € N. The following properties indicate
that the = relation is like the = relation.

13
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(i.) a=
(ii.) If a
(iii.) If a

Any integer is equivalent to one element of Z,,.

a (mod n).
=b (mod n) then b = a (mod n).
=b (mod n) and b = ¢ (mod n) then a = ¢ (mod n).

Remark 6.7. Once we have a set where there is some kind of equality relation, i.e.,
an analogue of the ‘=’ relation, then we can define operations on it, like addition and

multiplication.

Let a,b € Z,,. We define addition and multiplication mod n as a+b and ab, by taking
the answer mod n. This defines a ‘number system’. Similarly, we can take powers, solve
equations, and do things we would normally do with numbers. The following properties
are easy to see.

(a.) If a1 = az (mod n) and by = by (mod n), then ay + ag = by + be (mod n).
(b.) If a1 = a2 (mod n) and by = b (mod n), then ajas = b1be (mod n).

(c.) If a3 = a2 (mod n) and c is an integer, then ca; = cag (mod n).

(d.) If a1 = a2 (mod n) then af* = af* (mod n) for m a natural number.

These properties show that the sum and product is ‘well-defined’.
6.24. Let a =b (mod 5) and a = b (mod 7). Show that a = b (mod 35).

6.25. Let n | @ and m | a. Show that [n,m| | a. From here obtain the following. Let
a=b (modn) and @ =b (mod m). Show that a = b (mod [mn)).

14



PROBLEM SET 7

Remark. To reduce the displays of continued fractions, we write the continued fraction
az as Qn

a as b +% —
as 0 bi+by+b3--+ by

as
by + -

bo +

b +

by +

Consider the infinite continued fraction
1 1 1 1 1 1
LG N S S S S
In the next few problems, you are asked to compute parts of this continued fraction. If
you do things cleverly, you can use the previous calculations at each step.

7.1. Write as a fraction, in the form p/q: 1+ %

7.2. Write as a fraction: 1+ %Jr%

7.3. Write as a fraction: 1+ %+%+%.

7.4. Write as a fraction: 1+ %+%+%+%

7.5. Show that . .
¢§_12v5+1:2+m¢§—n'

7.6. Show that: L1 .
V5:1+§+§+§+§+¢§+r

7.7. List all the numbers n < 7 such that (n,7) = 1.

7.8. List all the numbers 5n (mod 7), where n is in the list above in Problem 7.7.
7.9. List numbers n < 10 such that (n,10) = 1.

7.10. List all the numbers 3n (mod 10) where n is in the list in Problem 7.9.
7.11. Let (k,m) = 1. Then show that if ka = kb (mod m), then a = b (mod m).
7.12. Does 5 | 417 What is (5,4!)?

7.13. Let p be a prime. Find (p, (p — 1)!).

15
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7.14. Show that if (a,p) = 1, then the list
a,2a,3a,...,(p—1)a (mod p)
is a re-ordering of 1,2,3,...,p — 1.
7.15. Let p be a prime, and a such that (a,p) = 1. Show that
aHp—1)!=(p-1! (mod p).
7.16 (Fermat’s little theorem). Show that for p a prime: a?~! =1 (mod p).

Remark 7.1. We can write this as a? = a (mod p). It is obtained by multiplying the
above by a. When a | p, then both sides are 0 mod p. If not, we can cancel the a and
obtain Fermat’s little theorem.

Theorem 7.2. Let (k,m) =d. If ka = kb (mod m), then a = b (mod 7).
7.17. Prove Theorem 7.2.

7.18. Let (a,n) = 1. Show there is an ‘inverse of a mod n’, that is, a number b such
that ab =1 (mod n).

Remark 7.3. Another set for which we can define equality and arithmetic operations
is the set of polynomials. A polynomial is an expression of the form
p(x) = ap + a1x + agx® + -+ + apa”,

where the coefficients a; are some prescribed set of numbers (integers, rationals, from
Zy). If ay, is the highest non-zero term, we say the degree of the polynomial is n. The z
is called an indeterminate. Two polynomials are equal if they are of the same degree
and the coefficient of z* is the same for all k.

We use the notation Q[z] for the set of polynomials with rational coefficients, and
similarly Z[x] and Zj,[x]. We can define the arithmetic operations + and x on polyno-
mials, and also define ap(z) where a is a number. The addition and multiplication is as
expected by using the usual laws of arithmetic (associative, commutative, distributed),
and follow the same laws of arithmetic from the set of coefficients.

7.19. Perform the required operation(s) for these polynomials in Zs[z]. Calculate
(1+az+2%)+(2+27).
7.20. Multiply the following in Zs[z]: (1 + 2x)(1 + = + z?).
7.21. Perform the required operations over Zs: (1 —z +22)(1 +z +22) + (24 — 222).
7.22. Perform the required operations mod 3: 2(1 — z + 2x?).
In the following problems, we compute (1 4+ x)" for n = 0,1,2,3,... in the form
ag + a1z + asx® + ---, where the a;’s are numbers. At each step use the one you

calculated in the previous step. Note that when x = 1 you get 2", and when z = —1,
you get 0 (when n > 0). Use this to check each step.

We take: (1+x)°=1and (1+2)' =1+z.
7.23. Compute: (1 + )2
7.24. Compute: (1 + )3,
7.25. Compute: (1 + )%

16



PROBLEM SET 8

8.1. List numbers n < 12 such that (n,12) = 1. Make the list 4 x a (mod 12), where a
is in the first list. Are these lists the same? Do the same question for 5 x a (mod 12).

8.2. Let S be the set S = {m € Z, | (m,n) = 1}. Let a be any member of S, i.e,
(a,m) = 1. Then prove that the list of numbers

am (mod n), where m € S,
is a re-ordering of the elements of S; that is, if am; = amgy (mod n), then m; = mo
(mod n).

Definition 8.1. We denote by ¢(n) the number of numbers a < n, such that (a,n) = 1.

Thus ¢(n) is the number of elements in S (above). We take ¢(1) = 1.

Examples 8.2. ¢(2) =1, ¢(3) =2, ¢(4) = 2, ¢(5) = 4.

8.3 (Fermat-Euler). Let n be any number, and a such that (a,n) = 1. Show that
a?™ =1 (mod n).

Note. Fermat is pronounced Ferma. Euler is pronounced Oiler.

Remark. To make sense of the infinite continued fraction:
by Ol 02 G an
0 by +by +b3-- -+ by +---
we consider the nth convergent, obtained by chopping off the continued fraction.
We denote the nth convergent by C), and suppose C,, = A,/ B,, written as a fraction.
So, for example:

AO aj b()bl + a1 Al ai a9 A2
0 0 By’ 1 o-i-b1 by By’ 2 0+bl+b2 B,

The next few problems are about the continued fraction
1 1 1 1 1

T T2+

8.4. For this continued fraction, compute Cj as a fraction.

T=3

8.5. Compute C] as a fraction.
8.6. Compute C5 as a fraction.
8.7. Compute Cs as a fraction.
8.8. Do you recognize the convergents of 77
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Suppose
(I+x)" ZF (n,k)z* = F(n,0) + F(n,1)z + F(n,2)2® + - -- + F(n,n)2".

Show the followmg:
8.9. F(n,0)=1,forn=1,2,3,....
8.10. F(n,k)=0,fork=n+1,n+2,....
8.11. F(n,n)=1forn=1,2,....
8.12. Recall that (14 z)* = 1 + 42 + 622 + 423 + z*. Compute (1 + z)° as follows:
(1+2)(1+2)t =1+ 42 + 62° + 42 + 2*
+ x4 42?4 623 4 42" 4 25

8.13. Show that:
F(n+1,k) = F(n,k)+ F(n,k—1). (8.1)

8.14. Use (8.1) to make a table of F'(n, k). This Table is called Pascal’s Triangle even
though it was known in ancient times in many civilizations, including the Indian and
Chinese civilizations.

]n\k H 0
0 1
1
1

[en] New] Nan) | JOV]
| O O Ut
(o] Rew] Hew] | Fop}

O O | WO N —

Define G(n, k) as follows: For 0 < k < n:

n!
G(n, k) = m
For k > n, we define G(n, k) =
8.15. Calculate G(n,0).
8.16. Calculate G(n,1), forn =1,2,3,.
8.17. Calculate G(n,2), forn =1,2,3,....
8.18. Show that G(n, k) satisfies (8.1) with F' replaced by G.
8.19. Show, using induction, that G(n, k) = F(n, k).
8.20. Show, using induction, that F'(n, k) is a natural number, provided 0 < k < n.

8.21. Show that the product of n consecutive numbers is divisible by n!.

18
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We now consider the sets Q[v/2] and Z[v/2]. These are ‘polynomials in /2’ with
coefficients in Q and Z. Again we can define the operations + and x just like in poly-
nomials; the only difference is that when you get (v/2)? we replace it with 2. Elements
are of the form a + bv/2. For example:

(1-2v2)(1 - v2) =1+2(V2)2 + V2(~-1-2) =5 - 2V2.
Definition 8.3 (Norm). We define the norm as N(a + bv/2) := a? — 2b2.
8.22. Calculate and write in the form a + bv/2: (3 — 2\@) + (—2 — \/5)
8.23. Calculate (1 + \/Q) (1 — ﬁ)
8.24. Calculate N (1 ++/2).
8.25. Find = € Q[v2] such that z (1 + v/2) = 1.

Congratulations! You have done 200 questions so far in this course.

19



PROBLEM SET 9

9.1. Find 4! mod 5.

9.2. Find all pairs of numbers a and b in {1,2,3,4,5,6} such that ab = 1 (mod 7).
What is the product of the remaining numbers mod 77

9.3. Let p be a prime. Show that if (a,p) = 1, then there is a b such that
ab=1 (mod p).

Further, show that (b,p) = 1.

9.4. Show that if p is prime, then (p — 1)! = —1 (mod p).

9.5. Show that if n is not a prime, then there are two non-zero numbers k, m € Z,,, such
that km =0 (mod n).

9.6. Show that if (n — 1)! = —1 (mod n), then n has to be a prime number.

From the above we have the following theorem.
Theorem 9.1 (Wilson’s theorem). Let p be a number. Then p is prime if and only if
(p—1!'=-1 (mod p).
9.7. Recreate Pascal’s triangle until n = 8 and expand (z + y)%.

Remarks 9.2. Consider paths in the first quadrant of the Cartesian (or XY') plane
beginning at (0,0) and taking unit steps north and east, with a total of n steps with
exactly k north steps. We are interested in counting paths.

The following is a path as above, with n = 7 and k¥ = 3. Note that the final
destination of the vertex is at (n — k, k).

[

This path can be represented as a string of 1’s and z’s representing north and east
steps, respectively. The string corresponding to the shown path is: x1lzzll. This
corresponds to one of the products when you multiply out

14+z2)1+2z) - (1+x).
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In general, each path as above corresponds to a term z* in (1 4+ x)". The total number
of such paths will be F(n, k) in our notation of PS 8. Let

<Z> := the numbers of such paths.

We take (8) =1.

Note. This is called the binomial coefficient and read ‘n choose k’. The word ‘choose’
comes because you are choosing k steps (from possibly n steps) to be north steps. The
name binomial coefficient comes because it is the coefficient F'(n, k) when you expand
the binomial power (1 + z)".

9.8. Argue that (}) =0if k > n.

9.9. Put all paths from (0,0) with n steps with exactly k north steps into two buckets:
one where the last step is north, and the other where the last step is east. Using this,

show that

(0= () G2)

k k k—1
|

9.10. Show that (Z) = ﬁ
9.11. List the numbers < 4 that are relatively prime to 4.
9.12. List the numbers < 5 that are relatively prime to 5.
9.13. List the numbers < 6 that are relatively prime to 6.
9.14. List the numbers < 7 that are relatively prime to 7.
9.15. List the numbers < 8 that are relatively prime to 8.
9.16. List the numbers < 9 that are relatively prime to 9.
9.17. Write down ¢(n) forn=1,...,12.
9.18. Argue that ¢(p) = p — 1, where p is a prime.
9.19. Argue that if p(n) =n — 1, then n is a prime.

We now consider the set Z[i]. Here i is called iota and is a symbol representing
vV/—1; so i> = —1. These are ‘polynomials in i’ with coefficients in Z. Again we can
define the operations + and X just like in polynomials; the only difference is that when
you get i2 we replace it with —1. Elements are of the form a + ib. These numbers are
called Gaussian Integers.

We represent a + ib by the point (a,b) in the Cartesian plane (the XY-plane).

The set Z[i] of Gaussian integers is a subset of the Complex numbers which is
R[i]; i.e., numbers of the form x + iy, where 2 and y are real numbers.

Definition 9.3 (Norm). We define the norm of Gaussian integers as N(a+bi) := a®+b2.

9.20. Calculate 9, i',42,i3,44,i%,.... (When we say calculate in this context, we mean,
write in the form a + ib).
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9.21. Plot the points 1 =1+140,1+14,2¢,—1+4+4,—1,—1—14,—2i,1 — i on the Cartesian
plane.

9.22. Calculate: (1 + 24)(1 — 2i).

Definition 9.4. The conjugate of a complex number/Gaussian integer a+ b is defined
to be a — ib.

9.23. Calculate: N(1+ 2i). What is the distance of 1 + 2i from the origin?
9.24. Calculate: (3 —44) + (—2 + 34).

9.25. Let z = (2 + 3i). Plot 2, zi, zi® and 2i® on the Cartesian plane. Make an arrow
joining the origin to z. How do you obtain the other points from this vector?
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PROBLEM SET 10

10.1. Let (m,n) = 1. Suppose x = xg,y = yo is a solution of mz — ny = 1, then show
that xg + tn, yo + tm are also solutions, for all ¢t € Z.

10.2. Find solutions to 3x — 13y = 1, where both x and y are negative, and where both
are positive.

10.3. Suppose (a,n) = 1, and b € N. Show that the equation az = b (mod n) has a
unique solution in Z,.

10.4. Suppose (a,n) =d, and b € N, and d | b. Show that the equation axz = b (mod n)
has exactly d solutions in Z,,.

10.5. Find all solutions in Zig to the equation

4dr =8 (mod 18).
10.6. Solve 22 =0 (mod 2).
10.7. Solve z2 =1 (mod 2).

The following are about the equation

z?=a (mod p), (10.1)

where a is not divisible by p, so a # 0 (mod p).

10.8. Find all solutions to: 2 =1 (mod 3).

10.9. Find all solutions to: 22 =2 (mod 3).

10.10. Find all solutions to: 22 =3 (mod 5).

10.11. Show that (10.1) can have at most two solutions.

Definition 10.1. For an odd prime p such that p { a, we say that a is a quadratic residue
modulo p when (10.1) has a solution in z. If (10.1) does not have a solution, we say that
a is a quadratic non-residue modulo p.

10.12. Let n < p Show that (n!,p) = 1.

10.13. Show that b , b ey b are divisible by p.
1 2 p—1
10.14. Factor z3 — 1.

10.15. Solve the equation z? + z + 1 = 0. The solution(s) are in R[i]. You may use the
quadratic formula and use v/—d = iv/d, where d > 0.
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10.16. Let w be one of the zeros of 22+ z+1. Show that w? is also zero of this polynomial.
10.17. Find @ such that w = cosf + isin 6.
10.18. Draw the three roots of 23 — 1 on the complex plane.

10.19. Consider z = 1 +i. Calculate z, wz and w?z and draw them on the plane. (You
may draw a vector from the origin to z and then see what happens when it is multiplied
by w and w?.)
Definition 10.2. Consider the continued fraction
La az ag
0 by + by + b3+
The nth convergent written as a fraction is of the form P, /Q,, and is defined as:
P, ay ay ag an,
L =py+— = = =
Qn by + b2 + b3+ -+ by
We say P, is the nth numerator, and @, the nth denominator. We define (for conve-
nience) :
P—l = O)Q—l =1
Note that
Py =bo,Qo = 1.
10.20. Calculate P, and @1, and write them in the form
Py = by () 4+ a1(*x) and, Q1 = b1(x) + a1 ().
10.21. Calculate P, and ()2, and write them in the form
Py = bo(*) + as(*x) and Qo = ba(x) + ag(*x*).

10.22. Calculate P3 and )3 and write then in the form suggested by the above. Can
you find a pattern?

10.23. Using the pattern you found, calculate Py and Q4 and check if it is correct.

10.24. Calculate the first five convergents of the continued fraction
1 1 1
TIeTeTe
10.25. Write recurrence relations for these. Can you recognize these numbers?
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PROBLEM SET 11

For all problems concerning quadratic residues, assume that p is an odd prime
that does not divide a.

Example 11.1. For any prime p, 1 is always a quadratic residue modulo p. The two
solutions of 2 =1 (mod p) are x =1 (mod p) and z = —1 (mod p).

11.1. Find all quadratic residues modulo 7. How many numbers in Z; are quadratic
residues and how many are quadratic non-residues.

11.2. Find all quadratic residues modulo 11. How many numbers in Z1; are quadratic
residues and how many are quadratic non-residues.

11.3. Show that

12,92 . (E)Q
b ) ) 2

are distinct modulo p.
11.4. How many quadratic residues modulo p are there? Non-residues?

11.5. Show that the product of two quadratic residues of p is a quadratic residue.

11.6. Let a be a quadratic residue mod p. Show that a, 2a, 3a, ..., (p — 1)a are all
distinct non-zero elements of Z,,.

11.7. Let a be a quadratic residue mod p. Consider the set
S={am|m=1,2,...,p—1}.

Show that if m is a non-residue mod p, then am must be a non-residue. Thus the product
of a quadratic residue of p and a quadratic non-residue of p is a quadratic non-residue
of p.

11.8. Now let a be a non-residue in the set S above. Show that the product of two
quadratic non-residues of p is a quadratic residue of p.

11.9. Consider the equation 3z = 7 (mod 11). Why do you expect the solution to be
different from 37 Find the solution.

11.10. Suppose a is a quadratic non-residue of p. Show that the set {1,2,...,p — 1}
can be partitioned into 1(p — 1) pairs {z, 2’} such that zz’ = a (mod p).

11.11. Show that (p —1)! = a2®=D (mod p) if a is a non-residue mod p.
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Definition 11.2 (Algebraic numbers and integers). We call a complex number z an
algebraic number if it is a root of an equation

anz" + ap_12" 4+ arz+ag =0,
where a; are all integers, and a, # 0. If a, = 1, then z is said to be an algebraic
integer.
11.12. Show that 3 4 4i is an algebraic integer.
11.13. Let w be a cube root of unity, w # 1. Show that 7 + 3w is an algebraic integer.

11.14. Show that every element of Z[i] is an algebraic integer.

Definition 11.3. Today’s new set where we can do arithmetic is defined as
Zw) ={a+wb|a,be Z}.

Here w is one of the complex cube roots of unity, say, w = _1%“/3 Addition and
multiplication is defined, since they are complex numbers.

11.15. Show that every element of Z[w] is an algebraic integer.
11.16. Show that 7+ 3/3i € Zw].
11.17. Show that 4 — 2v/3i € Z[w)].

11.18. Consider the continued fraction
al a9 as
O o by byt
with P,/Q, the nth convergent. Prove, using induction, that P, and @, satisfy the
equations (for n > 1)

P,=b,P1+anPph2, P1=1

and

Qn = annfl + anan% Q,1 =0

(Hint. For the induction step, first show that the (n + 1)th convergent is obtained from
the previous one, by replacing a,, by a,b,+1 and b, by bpbpi1 + ant1.)

Example 11.4. We give an approach to calculate ¢(n) in this example. Consider
n =12 = 22 x 3. We want to find the number of numbers less than 12 relatively prime
to 12.

~ The number of numbers < 12 which are divisible by 2 are | 2] = 6.

~ The number of numbers < 12 which are divisible by 3 are [1] = 4.

~ The number of numbers < 12 which are divisible by both 2 and 3 are 2] = 2.

— List the numbers 1 to 12 and cross out the six divisible by 2. This leaves six
numbers.

— Cross out the four numbers divisible by 3. We get 6 — 4 = 2

— We have crossed out the ones divisible by 6 twice. So add them back again:
242=4.

26



Elementary Number Theory G. Bhatnagar, O. Kumar and S. Shrivastava

So the number of numbers which have no primes in common are 4. So ¢(12) = 4.
11.19. Find ¢(18).

11.20. Find ¢(20).

11.21. Find ¢(60).

11.22. Find ¢(120).

11.23. Let p be a prime. Show that ¢(p®) = p® — p?~!

11.24. Let n = p® x ¢°, where p and ¢ are different primes. Show that:

o(n) :n(l— ;) (1 - ;)

11.25. Let n = p? x p4 x p%, where p1, p2, p3 are distinct primes. Show that
Py X P2 X P3

o =n(t= ) (1) (1 5)
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PROBLEM SET 12

12.1. Let n = p® and m = ¢°, where p and ¢ are different primes. Show that
p(nm) = p(n)e(m).
12.2. Let n = p{*py? - - - pp¥, where p1, pa, ..., py are distinct primes. Show that
e(p1'p5* - - pi") = o(p1")e(P5?) - - o (pr) ™.
12.3. Show that if (m,n) = 1, then p(mn) = ¢(m)p(n).
Definition 12.1. A number-theoretic function f(n) (that is, a function that takes values

on N) is called multiplicative if f(mn) = f(m)f(n) whenever (m,n) = 1.

One example of a number-theoretic function is Euler’s ¢ function ¢(n). The above
problem shows it is multiplicative. Another function is given by the following definition.
This requires the notion of a number being square-free; a number is square-free if
p? 1 n, for any prime p. So n > 1 is square-free if it is either a prime or a product of
distinct primes.

Definition 12.2 (Mobius p-function). Let p1, pa, ..., pr be distinct primes. We define
w(l) :=1, and, for n > 1,

0, if n is not square free;
p(n) = {(_1)167 i n = pipa - pr.
12.4. Calculate pu(n) for n =1,2,3,...,10.
12.5. Show that p(n) is multiplicative.
12.6. Forn =1,2,...,10, compute

> u(d).
dln
Here the sum is over divisors of n.

12.7. Let n > 0. Show that

Note that if n = 0, this sum is (8) =1.

1, ifn=1,
Theorem 12.3. E pu(n) = {O’ z.fn 1’
™ , ifn>1.



Elementary Number Theory G. Bhatnagar, O. Kumar and S. Shrivastava

12.8. Prove Theorem 12.3. Note that if n = p{*p3?--- pi¥, it is enough to consider the
sum over the divisors which are square-free, so divisors which are a product of distinct
primes dividing n.

12.9. Suppose b is such that b> = a (mod p), i.e., a is a quadratic residue modulo p.
Show that the set

{1727'--,]7_ 1}-{(),])—()}
consisting of all numbers 1 through p — 1, except +b, can be grouped into %(p — 3) pairs
of distinct numbers {x, 2’} such that zz’ = a (mod p).

12.10. Show that (p —1)! = —a2®=D) (mod p) if a is a quadratic residue modulo p.
Definition 12.4 (Legendre’s symbol). We define

(a) B {+1, if a is a quadratic residue module p ;
p

—1 if if a is a quadratic non-residue module p.
Remark 12.5. Do not confuse this new symbol for a fraction! It takes only two integral

b
values: —1 and 1. Note that if a = b (mod p), then we have that (2) = (7)
p p

Theorem 12.6. For an odd prime p that does not divide a, we have
(p—1!'= —(g)a%(p_l) (mod p)
p

12.11. Convince yourself that we have proved Theorem 12.6. Write an explanation with
reference to previously done problems.

12.12. Use Theorem 12.6 to prove that (p — 1)! = —1 (mod p), for p an odd prime.

—1
12.13. Show that <?) is congruent (and hence equal) to (—1)%(’3_1) modulo p.

This proves the following theorem.

Theorem 12.7. The number —1 is a quadratic residue modulo p, for all primes p of the
form 4k 4+ 1 and a quadratic non-residue modulo p, for all primes p of the form 4k + 3.

12.14. Show that

<a> = q2(r—D) (mod p).
p

12.15. Show (?1)—?) =1, s0 12 is a residue modulo 37.

We have proved the following theorem in Problem 11.18 about computing the con-
vergents of a continued fraction.

Theorem 12.8. Consider the continued fraction
al a9 as
b+ — — — ,
O by by by A
with P, /Qy the nth convergent. Then P, and Q, satisfy the recurrence relations (for
n>1)

Pn:ann—1+anPn—27 P—1:17P0:b07
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and

Qn =bnQn-1+anQn-—2, Q-1=0,Qy=1.
12.16. With the notation as in Theorem 12.8, show that
& B P,_1 _ (_1)n+1a1a2...an' (12.1)
Qn  Qna Qn—1Qn
12.17. Prove Cassini’s (1680) identity for the Fibonacci numbers:
F?2 —Fy 1Fpy = (1" 1

12.18. Given a,b € Z, write a + bv/3i as @’ 4+ b'w, where a’,b' € Z. Hence show that
a+bV3i € Zw).

We define divisibility and divisor in Z[i] in the same way as Z.

Definition 12.9 (Divisibility in Z[i] and Z[w]). An algebraic integer z = a + bi is
divisible by w = m+ni (# 0) € Z[i], if there exists an algebraic integer s = ¢+ di € Z][i]
such that

a+bi = (c+di)(m+ ni); ie. z=sw.

We say w is a divisor of z. We denote this by w | z. We define divisor similarly for
Z|w).

12.19. Let s,w, z be algebraic integers. Then
s | w and w | z implies s | z.
12.20. Show that any non-zero z € Z[i] is divisible by the following eight numbers:
1,2,—1,—2,1,12, —1, —1z.
These are called the trivial divisors.
12.21. For z € Z|w], what should the trivial divisors be?

Definition 12.10. A unit in Z[i] is an algebraic integer that divides every element in
Z[i).

12.22. Show that ¢ is a unit if and only if it is a divisor of 1.
12.23. Show that i*, where k = 0,1,2,3 are all the units of Z[i].
12.24. Show that (—w)*, where k = 0,1,2,3,4,5 are all the units of Z[w].

12.25. Let z; = 3+ 4i and 29 = —4 + 3i. Show that z; | z2 and 29 | z;. Let € be such
that 21 = €z9. Show that ¢ is a unit.
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PROBLEM SET 13

13.1. Find all solutions of 7z =1 (mod 5), and 5y =1 (mod 7). Suppose the solutions
are x = a + 5t and y = b + Tty respectively. Use these solutions to find z¢ and gy such
that 7Txg + byg = 1.

13.2. Find x and y such that 7z 4+ 12y = 1 using this technique.

13.3. Let (m,n) = 1. Let x and y be integers such that max+ny = 1. Let X = mab+nya.
Show that
X =a (modm)and X =b (mod n).

Let S,, = Z o(d).
dn
13.4. Calculate S, forn=1,2,...,10.
13.5. Let n = p®, where p is a prime. Show that S,, = n.
13.6. Let n = p®q®, where p and ¢ are distinct primes. Show that S, = n.
13.7. Write down the coefficient of 2°, 2!, 22 in the expansion of
(I+a12)(1 4+ azx)
as a polynomial.
13.8. Write down the coefficient of 20, z!, ..., 23 in the polynomial expansion of
(14 a12)(1 4 agx)(1 + asz).
13.9. Write down the coefficient of 20, 2!, ..., 2 in the expansion of

(14 a12)(1 4 agx)(1 + agz)(1 + aqx).

The above expressions in a; are called elementary symmetric polynomials of
ai,as,...,a,, where n is the degree of the polynomial

Definition 13.1 (Elementary symmetric polynomial). The elementary symmetric poly-
nomial of degree k in a1, as, ..., an, denoted ey, is the coefficient of z* in

n
H(l +a;x) = (1+a12)(1 4+ agx) - - (1 + apx).
i=1
You have seen the usefulness of calculating such functions in computing ¢(n).
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Theorem 13.2. Let n = p{'py? - - - pi*, where p1, p2, ..., pr are distinct primes. Then

o(n) = nﬁ (1 . ;) (13.1)
i=1 v

Note. Theorem 13.2 should have been proved first before you proved ¢(n) is a multi-
plicative function.

13.10. Let n be as above. Show that
w(d
p(n)=n Z il)
din
Verify this for n = 3, 10.

13.11. Show that if 21,29 € Z[i], and 21 | 22 and 23 | 21, then 21 = 29, where ¢ is a
unit.

13.12. Let 21,29 € Z[w]|. Show that if z; | z9 and 23 | 21, then z; = €25, where € is a
unit.

13.13. For z = a+ib € Z]i], recall the norm N (z) = a?+b?, and the complex conjugate
Z = a —ib of z. We denote by |z| the distance of z from the origin. Show that

N(z) = 2z = |22,
13.14. Let a,b,c,d € Z, Show that
(a® +b*)(c* + d?) = (ac — bd)* + (ad + be)? = (ac + bd)? + (ad — be)?.
13.15. Let z,w € Z[i]. Show that
N(z)N(w) = N(zw).
13.16. Show that ¢ € Z[i] is a unit if and only if N(g) = 1.
Definition 13.3. If ¢ is a unit, then ez is said to an associate of z.
13.17. What are the associates of z in Z[i]?

Remark 13.4. The associates of any non-zero algebraic integer are a subset of its trivial
divisors.

13.18. If z divides w, then show that any associate of z divides any associate of w.

Definition 13.5. A algebraic integer 7 is a prime if it is not 0 and not a unit, divisible
only by numbers associated with itself or with 1. In other words, the only divisors of a
prime are all the trivial divisors.

Theorem 13.6. If z is an algebraic integer such that N(z) = p, where p € Z is prime,
then z is a prime in Zi].

13.19. Prove Theorem 13.6.

13.20. Show that 3 is a prime in Z[i] and N(3) = 9.

13.21. Show that the converse of Theorem 13.6 is not true.
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13.22. What is N(2+ ). Does this give enough evidence to say that 2+ is a prime in
Z[i)?

13.23. Show that 5 is not a prime in Z[i].
13.24. What are the divisors of 15 in Z[i]?

Remark 13.7. When performing the GCD algorithm with n = ggm+rg, m = qiro+71,
o = @271 + 72, ..., we obtain a continued fraction where a; = 1, for all 4.

We obtain the continued fraction

b 1 1 1 1
O by by 4ot by

with b; > 0, for ¢ = 1,2,...,n, for some n. As earlier, let P,/Q, denote the nth
convergent. Theorem 12.8 shows that P, and @, satisfy the recurrence relations (for

n>1)
P,=b,Py1+ P2, P1=1PFP=b
and
Qn =b,Qn-1+ Qn-2, Q-1=0,0Q0=1.
With this notation, Problem 12.16 can be written as
PoQn-1 — Pro1Qp = (—1)", (13.2)
From now on we consider this continued fraction, with a; = 1 and b; > 0.

13.25. With the notation as above, show that
PnQn—Q - Pn—ZQn = <_1)nbn (133)
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PROBLEM SET 14

14.1. Let n = p®, where p is a prime. Find all the factors of n. How many are there?

14.2. Let n = p®¢®, where p and ¢ are distinct primes. Find all the factors of n. How
many are they?

14.3. Let n = 3352. Verify that

(14903 + 93 + 039 (1+¢(6) +9(6%)) = > @(d).

din
14.4. Let n = pi* - - - p;* Show that
k
> e =] (1 +o(pi) +o(0}) + - + @(p?i))
dn i=1

Theorem 14.1. Let n be a natural number.
> eld) =n.
din

14.5. Prove Theorem 14.1.

14.6. Let n = 23 and m = 8. Find integers ¢ and r such that n = mq + r, where
0<r<m.

14.7. Let n = 23 and m = 8. Find integers ¢ and r such that n = mq + r, where
—5 <r< 3.

14.8. Let n = —23 and m = 8. Find integers ¢ and r such that n = mq + r, where
0<r<m.

14.9. Let n and m be numbers. Show there are integers ¢ and r such that n = mq+r,
where —% <r < 7.

Note. Let n be a number. Any number m has a remainder in Z, = {0,1,...,n — 1}.
We can also find a remainder in the set

n n
e |2
{-12]+1 5
All we want in this context is that the remainder r is such that the absolute value of r

is the smallest possible. This is what the problem above is about.
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14.10. Consider the equation

a® + 0% =2 (14.1)
Show that (n + 1)? —n? = 2n + 1. Write this equation for n = 1,2,3,4,5,... until you
find two solutions to Equation 14.1 in natural numbers. Show that there are an infinite
number of solutions to this equation with a, b and ¢ natural numbers.

Definition 14.2. The triple (a,b,c) of numbers is called a Pythagorean triplet if a? +
b2 = 2.

14.11. Find all solutions of (14.1) when a =0 or a = 1.

14.12. Let z = x 4 iy such that z x Z = 1. What is the distance of z from the origin?
Write z x Z =1 in terms of z and y.

14.13. Let (z,y) be a point in the first quadrant on the unit circle, i.e., the circle with
center at the origin and radius 1. Draw the line segment joining the points (—1,0) and
(z,y). (Make a picture). Let (0,m) be the point where this line segment crosses the
y-axis. Find the equation of the line containing this line segment. What is the slope of
this line?

14.14. The point (z,7) lies on this line as well as the circle with equation z? + 3% = 1.
Use this fact to prove
(1+m?*a? +2m*z +m? —1=0.

14.15. Show that

1 —m? 4 2m
= ——— an = Q.

T+m2 Y T Tm2
14.16. Suppose m is a positive rational number, between 0 and 1, of the form m = p/q,
with p and ¢ integers. Use the above to find an infinite set of solutions to (14.1).

X

14.17. Argue that any solution of (14.1) with a, b, ¢ > 0 has to correspond to a rational
number m between 0 and 1. Thus all Pythagorean triples are obtained in this manner.

Note. The above outlines an approach to find all Pythagorean triples (a,b,c), when
a,b, c are natural numbers.

14.18. Show that for any « € Z[i] that is neither 0 nor a unit, then either v is a prime
or there exists a € Z[i] such that « | v and N(a) < N (7).

14.19. Use WOP to show that if 4 € Z[i] is neither 0 nor a unit, then there exists a
prime 7 € Z[i] such that 7 | ~.

Theorem 14.3. If v € Z[i] is neither 0 nor a unit, then vy can be written as a product
of primes in Z[i].

14.20. Prove Theorem 14.3, using induction on norm of ~.
14.21. Let y=5+4i and 6 = 3 + 1.

(a.) Calculate z = v/§ = x + iy, where z,y are rational numbers.
(b.) Find integers a,b such that |z —a| < 5, |y —b| < 1. (Make a picture!)
(c.) Calculate r = v — (a + ib)d, where a, b are the integers as in the previous part.
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(d.) Verify that N(r) < N(5).
14.22. Let y =7+ 37 and 6 = 3 + 1.

(
(b

a.) Calculate z = /6 = x + iy, where z,y are rational numbers.

Find integers a,b such that |z —a| < 3, |y — b < 1.
(c.) Calculate r = v — (a + ib)d, where a,b are the integers as in the previous part.
(d.) Verify that N(r) < $N(6).

14.23. Let y =5+4i and § = 2 + 3i.

— — — —

(a.) Calculate z = v/§ = x + iy, where z,y are rational numbers.

(b.) Find integers a, b such that |z —a| < %, ly — b < %

(c.) Calculate r = v — (a + ib)d, where a, b are the integers as in the previous part.
(d.) Verify that N(r) < $N(4).

Theorem 14.4 (Euclid’s division lemma for Gaussian integers). Given v,d € Z[i|, such
that § # 0, then there exists q,r € Z[i] such that

v = 0q+r, such that N(r) < N(9).
14.24. Prove Theorem 14.4.

14.25. Show that a stricter inequality: N(r) < $N(§) holds, in the statement of Theo-
rem 14.4.
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PROBLEM SET 15

15.1. Let (m,n) = 1. Let X € Z,, and Y € Z,, be solutions of

mx =1 (mod n) (15.1)

ny=1 (mod m). (15.2)
Then all solutions of (15.1) are given by X + nt;, where ¢; are integers. Similarly,
solutions of (15.2) are Y + mito, for integers to. Let T = t; + t3. Show that the equation
in T given by

mX +nY +mnl =1

has an integral solution. From here, taking t; = 1, to =T — 1 we obtain x = X +¢; and
y =Y + t2 such that ma + ny = 1.

Remark 15.1. This gives a constructive approach to computing x and y such that
mx+ny = 1, when (m,n) = 1. Tt is easy to do this for all examples. How will you apply
this approach when (m,n) = d?

15.2. Find z and y such that 12x 4 15y = 3.

For the next few problems, consider the continued fraction
1 1 1
O by byt
with b; > 0, for ¢ = 1,2, ...,n, for some n. Such a continued fraction is called a simple

continued fraction. As earlier, let P,/Q, denote the nth convergent. We have proved
the following relations:

b

Py =byPy 1+ Py, Pq=1Py=by, (15.3a)
Qn="0,0Qn1+Qn 2 Q1=0Q =1 (15.3b)
PuQn-1 — Pr1Qn = (-1 (15.3¢)
PoQn—2 — Py 2Qn = (—=1)"by. (15.3d)

15.3. As above, let b; > 0 for all i. Show that the even convergents P, /Q2, increase
strictly with n; that is

P P P,

022 24

Qo Q2 Q4
15.4. Show that the odd convergents Poy,_1/Q2,—1 decrease strictly with n; that is

P P P

el el Al A

Q1 Q3 Qs
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15.5. Argue that Q.1 > @, (for n > 1); that is, the size of the denominators of the
convergents keeps increasing.

15.6. Show that (P,, Q) = 1.

15.7. Show that:
Py Poy 1 1

— — < .
Qa1 Qan  Qoni1Q2n Q3
This shows that as n increases, the difference between the convergents becomes smaller
and smaller.

Remark 15.2. The above properties show that the convergents of a continued fraction
where a; = 1 and b; > 0 (for all i) converge to a real number. Conversely, we can copy
the Euclidean algorithm to find the continued fraction of any real number.

15.8. Consider the infinite continued fraction

Assume the continued fraction converges to a positive real number. Show that

1++5
w = .

2
The decimal expansion of this number is 1.618033988749894848204587 . ..

15.9. Suppose
14 11 1 1 1
T T 2424242
converges and is positive. Find the value of x.
15.10. Show that a rational number of the form p/q cannot have an infinite simple

continued fraction.
15.11. Prove that (14 +/5)/2 is irrational. Use this to prove /5 is irrational.

15.12. Use a calculator to compute the first few terms for the continued fraction of =,
which is a real number with the decimal expansion that begins:

m =3.14159265358979323846264 338327
9502884197169399375105820974944
5923078164062862089986280348253 . . .

You need to only take the first eight digits in your computations.

Definition 15.3. A complete set of residues mod n is a set of numbers r1,7r9,...,7,
such that r; =4 (mod n), for i =1,2,3,...,n.

Remark 15.4. The set Z,, = {0,1,...,n — 1} forms a complete set of residues modulo

n. Another set we use is
{-1z]+1 5]}
5 o 5] g

Here we take r; such that —5 < r; < 5. List this set for n = 3,4 to understand what it
is.
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15.13. Consider the list of numbers

1-3,2-3,3-3,4-3,5-3.

Consider them mod 11, and find corresponding residues between —% and %

15.14. Suppose p does not divide m. Show that each of the numbers

1
5(]9 - 1)m7

is congruent to exactly one number modulo p between —’23 and %.

Im,2m, ...,

Definition 15.5. The minimal residue of @ modulo p is a number r such that

r=a (mod p), with r such that —g <r<?

2

15.15. Suppose p does not divide m. Show that we can write the minimal residues
modulo p of

1
1m,2m,...,§(p— 1)m
in the form
T‘l,...,T‘A,*Sl,...,*Sﬂ

where A+ p=2(p—1),0<r; <Zand0<s; <L
15.16. Show that in Problem 15.15, the numbers r1,...,r) are distinct.
15.17. Show that in Problem 15.15, the numbers s, ..., s, are distinct.

15.18. Show that in Problem 15.15, r; # s; for all < and j; that is, no r; is equal to any
Sj-
Remark. We have shown that

Tlye oo s Ty 8154458
is a rearrangement of the numbers

p—1

2
15.19. Let p be a prime that does not divide m. Show that

1,2,...,
p—1
m 2 =(=1)" (mod p).

Theorem 15.6 (Gauss Lemma). Let p be a prime, and m such that p does not divide
m. Then the Legendre symbol
(@) = (_1)11,

p
where [ is the number of members of the list
1
m,2m,...,§(p— 1)m

whose minimal residue modulo p is less than 0.

15.20. Prove Theorem 15.6.
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Remark 15.7. In the context of the Gaussian integers, we have proved the division
lemma in Theorem 14.4. We can apply the division algorithm repeatedly to obtain the
GCD of two Gaussian integers « and . In the following problems, make calculations
analogous to those with natural numbers to obtain the GCD of two Gaussian integers,
where division is done like in Problem Set 14.

15.21. Find (6+7i,11+43i) in Z[i]. (Here (o, 8) denotes the GCD of o and §. Sometimes
we use GCD(a, 8).)

15.22. Find (4 + 37,12 + 5¢) in Z[i].
We have reordered somewhat and made changes to PS 15.

Theorem 15.8. Let «, 5 be non-zero elements of Z[i]. Show there is an element § € Z][i]
such that:

(i.) 0 | and 0 | 5.
(i.) If 01 |  and 01 | B, then &1 | 0.

Definition 15.9. This § is called the greatest common divisor of @ and 3, and it is
determined upto a unit; i.e., if § is the GCD, then &6 also satisfies above conditions, for
all units ¢ in Z[i].

15.23. Prove Theorem 15.8. To do so, consider the set S:
S ={N(az+ By) | z,y € Z[i]}.

Show using WOP this has a least element d and there is a § such that N(§) = d,
0 = ax + Py for some x, y, and ¢ satisfies the required properties.

15.24. Let m,~,u € Z[i] be such that 7 is a prime. Suppose (m,7) = p. Show that
either

(i.) p is a unit and (m,v) = 1; or,
(ii.) m | v and p is an associate of .

Theorem 15.10. Let 7, «, 8 € Z[i|. Let w be a prime. If w | af, then 7 | « or 7 | 5.

15.25. Prove Theorem 15.10. More generally, prove the following. Let 7, «, 3 € Z]i]
such that GCD(«, ) = 1. Show that if | B, then o | 4.

Bonus. What is 15 x 257 This is the number of problems you have done so far in
this course!
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PROBLEM SET 16

16.1. Show that
1:242-54---+nBn—1)=n*(n+1).

16.2. Prove that if p is a prime, then every prime divisor of 27 — 1 is greater than p and
congruent to 1 mod p.

Note. We say m and n are co-prime, or relatively prime, if (m,n) = 1.
16.3. Show that (n,n + 1) = 1, that is, two successive numbers are relatively prime.
16.4. Find z and y such that 15x+24y = 3 by first finding = and y such that bx+4y = 1.

16.5. Suppose 1 and xg satisfy nz; =1 (mod m) and mzy = 1 (mod n). Show that
X = anxi + bmaxs is a solution of the system

r=a (mod m)
x=b (modn)
Moreover, if y is another solution, then
y=xz (mod mn).
16.6. Prove using induction that if X = Y (mod m;) for ¢ = 1,...,k, and m; are

pairwise co-prime, then X =Y (mod M), where M = mimg---my. The k = 2 case is
Problem 6.25.

16.7. Find a solution to each equation: 5z; =1 (mod 11), 1129 =1 (mod 5). Use your
answers to find a solution for the system:

r =7 (mod 11)
x=2 (mod 5)

16.8. Show that your solution to the problem above is unique modulo 55; i.e., if y is
another solution, then y = z (mod 55).

16.9. Find a solution to each equation: 35x1 = 1 (mod 11), 55z = 1 (mod 7), and,
77xo =1 (mod 5). Use your answers to find a solution for the system:

r =38 (mod 11)

x=3 (mod7)

r=4 (mod b)
16.10 (Sun Tzu). Find a number which leaves the remainders 2, 3 and 2 when divided
by 3, 5 and 7, respectively.
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Remark 16.1 (Chinese remainder theorem). The above problems are about solving a
system of equations of the form

where mq,ma, ..., my are pairwise co-prime (have GCD 1).
The technique to solve it is as follows: Let M = mymg---my, and M; = M/m;.
Step 1: Find z1, x9, ..., T, such that M;z; = (mod m;), fori=1,2,... k. In
other words, find the inverse mod m; for M;.
Step 2: The solution is given by
X =a1Mix1 + asMoxg + - - - + apMpxp.
The solution is unique modulo M (by Problem 16.6).

16.11. Prove that in Problem 15.1, if we find the solutions x and y such that z € Z,
and y € Z,,, we will always obtain ¢; + to = —1.

Theorem 16.2 (Fundamental Theorem of Arithmetic in Z[i]). A Gaussian integer can
be expressed in only one way as a product of primes in standard form upto units; that
is, apart from reordering the primes, there is only one way of exrpressing a number as a
product of primes.

16.12. Show that any number ¢ € Z[i] can be written in the form ¢ = en{*n3? .- ",
where 71,79, ..., T are the primes dividing ¢, a; > 0 and € is a unit in Z[i].
16.13. Suppose ¢ = en'my?---m*, and ¢ = e pbtpl .. p?l , where the 7;’s and p;’s are

primes in Z[i| and a;’s and b;’s natural numbers and ¢, ¢’ are units in Z[i]. Here 7;’s are
distinct and p;’s are distinct. Show that 7 is associate to p; for some j.

16.14. Suppose ¢ = en{'my? -k, and ¢ = 5’7711“7712)2 e TFZk, where the 7;’s are distinct

primes and ¢, ¢’ are units in Z[i]. Show that a; = b;.
16.15. Use the above to complete the proof of Theorem 16.2.

Remark 16.3. In both Z and Z[i], the fundamental theorem of arithmetic asserts that
every non-zero, non-unit element in these sets can be factorized uniquely into primes,
disregarding the order of the primes. This property is known as the unique factoriza-
tion property. However, it is important to note that not all number systems possess
this property.

16.16. Look at all the steps in the proof of the fundamental theorem of arithmetic for
Z and for Z[i]. Which step in each proof uses Euclid’s division algorithm?

16.17. Let ¢ € Z[i] such that N(¢) = p* for some positive integer k and prime p. Show
that ¢ is a product of at most k& primes upto units.
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Definition 16.4 (Greatest integer function). For x a real number, we define |z | as the
greatest integer not exceeding z. For example, |7| = 3, | —7| = —4. For any integer n,
we have that [n] =n

Gauss’s lemma can be used to determine whether a certain number is a quadratic
residue for any odd prime p. We answer the question: when is 2 a quadratic residue

modulo p? In other words, we are computing the Legendre symbol (@) for m = 2.
p

In the following, consider the list of numbers mod p.

—1
1-m,2-m,...,L-m.
2
We take m = 2 in the following, so consider the list.
2,4,...,p—1. (16.1)

In this case A is the number of numbers in this list which are < p/2 and p is the number
of numbers > p/2 (Why?).

16.18. Suppose p = 8k + 1. How many numbers in the list (16.1) are between 0 and
p/2?7 How many are between p/2 and p? Argue that A = 2k and p = 2k.

16.19. Suppose p = 8k + 3. Show that A = 2k and p = 2k + 1.
16.20. Suppose p = 8k + 5. Show that A =2k + 1 and p = 2k + 1.
16.21. Suppose p = 8k + 7. Show that A = 2k + 1 and p = 2k + 2.

16.22. Show that
p+1
L 4 J —
for each of the cases p =8k + 1,8k + 3,8k + 5 and 8k + 7.

2
Theorem 16.5. Let p be an odd prime. Then the Legendre symbol (7) s given by:
p

+1
(3) — (Ll
p

that is, 2 is a quadratic residue of primes of the form 8n+1 and a quadratic non-residue
for primes of the form 8n + 3.

16.23. Prove Theorem 16.5.

2
16.24. Calculate (7) for p = 17,19, 29, 31.
p

16.25 (Bhaskara). A basket contains n mangoes. If they are distributed among 2 people,
one mango is left. If we distribute among 3,5 or 7 people, we are left with 2,4 or 6
mangoes, respectively. However we can distribute equally among 11 people. Find the
smallest such n.
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PROBLEM SET 17

17.1. Show that
9 n(4n2 -1)

3

17.2. Let f, denote the Fibonacci numbers. Show that (fy, fnt1) =1 for n > 1.
17.3. List the Fibonacci numbers until f19. Find n such that (fs, fi0) = fn-
17.4. Find n such that (fs, fo) = fn.

Remark 17.1 (Algorithm to find the GCD-I). Consider the sequence of steps to find
the GCD of n and m. Suppose quotients ¢; and remainders r; are obtained at each step.
Suppose 41 = 0, the the rest of the r}s satisfy

P+3+5°+--+(2n—1)

n=mqy + 71
m=riq2 + 12
1 =T12q3 + 13

Tn—2 = Tn—1Gn + Tn

Tn—1 = TnQn+1
17.5. Let d = (m,n). Show that d | r,.
17.6. Let d = (n,m) and d’' be any other common divisor of d. Show that d’ | d.
17.7. Let d = (m,n). Show that r, | d.
Remark 17.2. This shows d = r,,.
17.8. Show that %(p2 — 1) is even for a prime of the form p = 8k + 1.
17.9. Show that %(p* — 1) is odd for a prime of the form p = 8k + 5.
Remark 17.3. This shows that for odd primes p:

P[5 o

So Theorem 16.5 can be written as follows. For p an odd prime,

() =l = ol

p

17.10. Calculate (;)
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17.11. Calculate (%)
2
17.12. Calculate (?>

2
17.13. Calculate (ﬁ) .

Theorem 17.4 (Quadratic Reciprocity Law (Gauss)). For distinct odd primes p and g,

we have that . polg-l
B

Note. We will outline the proof in later problem sets. For now, learn to calculate using
Gauss’ quadratic reciprocity law.

17.14. Show that if a = b (mod p), then (%) = (9)

p
17.15. Show that (‘;b) — (%) (z)

17.16. Show that (%) —1.

11
17.17. Calcul f).
7.17. Calculate E
13)
23/°
51)

17.18. Calculate (
17.19. Calculate (

17.20. Calculate (%> .
23

Theorem 17.5 (Fermat’s theorem on sums of two squares). Let p be an odd prime p.
Then if p=1 (mod 4) it can be written as a sum of two squares of integers. Conversely,
if p = 2% + y? for some numbers x and y, then p=1 (mod 4).

The next few problems give an outline of the proof.

17.21. Let p € Z is a prime such that p = 1 (mod 4). Show that there exists m € Z
such that p | (m? + 1).

17.22. Let p,m be as above, with p | m? + 1. Then show that p{m 4 i and p{ m — i.
Conclude from this that p is not a prime in Z][i].

17.23. Use Theorem 16.2, along with the fact that N(p) = p? to conclude that p =
(z +1iy)(x — iy), where x + iy and x — iy are primes in Z[i].

17.24. Let p € Z is a prime such that p = 3 (mod 4). Show that there is no solution
(z,y) such that z2 + 32 = p in integers. (Hint: Look at the equation mod 4.)

Remark 17.6. Convince yourself that you have proved Theorem 17.5.
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17.25 (The monkey and the coconuts (Williams (1926))). Five men and a monkey were
shipwrecked on an island. They spent the first day gathering coconuts for food.

During the night, one man woke up, and decided to take his share early. So he
divided the coconuts in five piles. He had one coconut left over, and he gave that to the
monkey. Then he hid his pile and put the rest back together.

By and by each of the five men woke up and did the same thing, one after the other:
each one taking a fifth of the coconuts that were in the pile when he woke up, and having
one left over for the monkey. In the morning they divided what coconuts were left, and
they came out in five equal shares. Of course each one must have known there were
coconuts missing; but each one was guilty as the others, so they didn’t say anything.

How many coconuts were there in the original pile?

Note. Suppose you are allowed a negative number of coconuts, and each person gives
one to the monkey before dividing the coconuts (to get —5 coconuts to divide by 5) and
taking their share (which is —1). Convince yourself that —4 coconuts is a solution to
this puzzle!

Remark 17.7. You have seen elements of the arithmetic in Z[i], and Z[w|, where w is
the cube root of unity. We have seen that Euclid’s division lemma works in Z[i], and
this led to a unique factorization theorem. In fact, this works even in Z[w]. However,
not all such sets have a unique factorization.

For example, consider
Z[v—5)={a+bv—=5|a,beZ},

with N(a + by/—5) = a® + 5b% as the norm. We can define arithmetic in this set too.
But both 3 and 2 + /=5 have norm 9, indicating that they both divide 9 (9 = 3% =
(2+ +v—5)(2 = v/—5)). We can show these elements cannot be written as a product of
two non-units. They are called irreducible elements. Further, we can show that 3
does not share any common factors with (24 +/—5). Thus unique factorization does not
hold here.

The subject of Algebraic Number Theory considers these number systems and
their properties.

46



PROBLEM SET 18

9
18.1. Calculat (7)
alculate 19

18.2. Calculate (3—1> .

83

p—1/2 2 1

18.3. Let p be odd. Show that Y k="
k=1 8

18.4. Show that % is an integer, for p an odd number.
18.5. Find the remainder when 17! is divided by 144.
18.6. Show that if p > 5 is a prime, then 6(p —4)! =1 (mod p).
18.7. Show that for any integer a and positive integers m,n, we have
(@™ —1,a" —1) = al™™ —1.
Remark 18.1. We will use
72 =7 x7={(z,y):x €L, ycZ}

to denote the two-dimensional integer integer lattice. The set Z2 is a subset of the plane
R2. Let p and ¢ be distinct odd primes. As an example, we take p = 11 and ¢ = 7.
Plotted below (see Figure 18.1) are points in the set

R={(z,y)€Z’:0<2<p 0<y<q}
along with the line ¢ joining (0,0) with (p, q).

In this plot, the dashed £ x 4 rectangle has as vertices the points (0,0), (0,4), (,

and (2,0). The points inside the rectangle are colored blue.

[NSI0S

),

18.8. Write the equation of the line 4.
Remark 18.2. Note that (p/2, ¢/2) satisfies this equation and hence lies on /.

18.9. Show that, for distinct odd primes p and ¢, the line £ never intersects a point in
R (except, of course, (0,0) and (p, q)).

18.10. For arbitrary p and ¢, what are the number of points inside the dashed rectangle?
In other words, count the number of points in the set

R={(z,y)eZ*: 0<zx<Bo<y<i}
Write your answer in terms of p and q.
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(,q)

FIGURE 18.1. p=11,q =7

18.11. In Figure 18.1, how many blue points are above the line £7

q—1

2
18.12. For p =11 and ¢ = 7, compute Z VEJ
q
s=1

18.13. In Figure 18.1, how many blue points are below the line £7

p—1

2
18.14. For p = 11 and ¢ = 7, compute Z [QJ
p
s=1

18.15. Make a similar figure with p = 13 and p = 11 How many blue points are above
the line £7

a=1
2
18.16. For p = 13 and ¢ = 11, compute Y | VEJ
q
s=1
18.17. In your figure, how many blue points are below the line £7

p—1

N
18.18. For p =13 and ¢ = 11, compute Z LQ—SJ
p
s=1

Definition 18.3. For odd primes p and ¢, we denote

S(p,q) VEJ (18.1)

I
[

Remark 18.4. Note that
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The last few problems tell us that in Figure 18.1, S(7,11) is the number of points
inside the rectangle but above the line ¢ and S(11,7) is the number of points inside the
rectangle but below the line ¢. Since the line ¢ does not intersect with any point inside
the rectangle, S(11,7) + S(7,11) is the number of points inside the rectangle R’.

Verify this remark with S(13,11) and S(11,13).
These suggest the following theorem, which you will prove shortly.

Theorem 18.5. For distinct odd primes p and q, we have

p—1 ¢g—1
2 2

18.19. For 1 < s < q;—l, argue that the number of points of R’ to the right of (0, s) and
above the line £ is LPSJ.

S(p.q) + S(g,p) =

q
18.20. Conclude that the number of points in R’ above the line ¢ is S(p, q).

18.21. For 1 < s < %, argue that the number of points of R’ above (s,0) and below

the line £ is L%J

18.22. Conclude that the number of points in R’ below the line ¢ is S(q, p).
18.23. Prove Theorem 18.5.

Remark 18.6 (Algorithm to find the GCD-II). We can extend the GCD algorithm in
Remark 17.1 and obtain = and y such that nx + my = d. Once again consider the
calculation, but now as a continued fraction:

n T1
*:Ch‘l‘*
m m

=q+

m/r
=q+—

g2 +12/T1

1 1
=q+

g2+ q3 +73/72

n 1 1 1
=q+—, — Ty ma
@+t g+ ra/ra

Now we have

PnQn—l - QnPn—l = (_1)n+1a1 st Ap.
If we stop in the above calculation when r, = d = (m,n), thena; =as =+ =a,—1 =1
and a, = d. Further, by = q1, b1 = ¢2, .... We find that P, = n, @, = m, and
r=(-1)""1Qu_1,y = (=1)"P,_1. So we can use the recurrence relations for continued
fractions to compute = and y.

We define sequences x,, and ¥, as follows.
Tn = (_1)71—1@”_1, and Yn = (_1)npn—1-
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The next few problems will lead you to the extended GCD algorithm which
simultaneously calculates the GCD d as well as the  and y such that nz + my = d.

18.24. Let m and n be given and the notation be as in Remark 18.6. Show that x,, and
Yn as above satisfy the following recurrence relations

Tk = —QkTh—1 + Tp—2, T1 = 1,20 =0, (18.2a)
Yk = —QkYr—1 + Yp—2, Y—1 =0,0 = 1. (18.2b)
Verify that with these initial conditions, 1 = 1,y; = —q.

Remark 18.7 (Algorithm to find the GCD-II (cont.)). Let n and m be given and n > m.
We can rename n = r_; and m = rg. We have the initial conditions

roi=mn, r—1=1,y-1=0
and

ro=m, g =0, yo = 1.
For k > 1, we have:

a = VHJ (18.3a)
Tk—1
Th = —Th—1qk + Tk—2. (18.3b)

Calculate for k = 1,2, 3, ... the quantities gy, r¢, x¢ and yg, until 7,11 = 0. At this point,
d = (n,m) =ry, and x = xy, y = yg are such that nx + my = d.

18.25. Find d = (418,165) and z, y such that 418z + 165y = d.
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PROBLEM SET 19

19.1. Find the highest of power a of 3 that divides 2024!. That is, find a such that
3% | 2024! but 39+ § 2024!.

19.2. Use the Eratosthenes Sieve to compute all the primes until 40.

19.3. Prove that /7 is irrational.

19.4. Find (if possible) the inverse of 6 modulo 19.

19.5. Use a calculator to compute the first few terms of the continued fraction for v/3.
19.6. Calculate (360).

19.7. Findd = (87,121) and z, y such that 87x 4 121y = d.

n
19.8. Calculate Z <Z> for n =0,1,2,3. Conjecture and prove a formula.
k=0

19.9. Prove that

n(n+3)(n+1)
Zkz 23

19.10. Write 5 as a sum of two squares.
19.11. Write 13 as a sum of two squares.
19.12. Write 65 = a? + b? where neither one of a or b is 1.

19.13. Solve z* — 1 = 0 and plot all the solutions in the complex plane.

We now complete the steps in the proof of Gauss’ quadratic reciprocity law. For odd
primes p and ¢ such that p # ¢, we shall denote

P = %(p— 1),
d =51,
and
”
S(g,p) = L%J (19.1)

s=1
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19.14. For integers m and n, show that we can write

m
m = [—Jn—kr
n
where 0 < r < n.

19.15. Conclude that for 1 < k < p/, we can write
kq=p L@J + up,
p

where 1 < up <p-—1.
Remark 19.1. Exactly as in the proof of Gauss’s lemma, we have that the numbers

1¢,2q,...,p'q
have least positive residues (modulo p)

UL, U, - v oy Uy -
The minimal residues modulo p can be written in the form

VLo Uny =W, ey =Wy
where A+ p =p', 0 <v; <p' and 0 < w, < p’. The numbers
ULy ey UN, W, e, Wy
are a rearrangement of the numbers
1,2,...,7.

19.16. Show that

1 & .
g(pQ—l) :ZU¢+ij.
i=1 j=1

19.17. Show that

19.18. Show that
4 A u
=3 u- S
k=1 i=1 j=1
19.19. Conclude that
1 w
g(p2 —1)(g—1) =pS(g,p) =2 _ w; + pp.

j=1

19.20. Using the above equation, show that S(g,p) = p (mod 2).

Remark 19.2. You needn’t be reminded that (g) is not a fraction but Legendre’s
p
symbol.
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19.21. Show that

(%) = (-1)5@p),

(g) <%) — (_1)S(p,q)+5(q,p)'

19.22. Show that

19.23. Prove Theorem 17.4.

19.24. Given that 200003 is a prime, find the remainder when 200000! is divided by
200003.

19.25. Show that 30 | n® —n for all n.
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PROBLEM SET 20

Test

20.1. Find all = such that 4z =1 (mod 22). If no such z exists, then explain why you
think so.

20.2. Find, if possible, a solution of 6x 4 22y = 12. If no such z exists, then explain
why you think so.

20.3. Find five consecutive composite numbers.
20.4. Find the number of divisors of 360.
20.5. What is the number of zeros at the end of 2024!.
20.6. Let n = mq + r, where n,m,r > 0. Show that (n,m) = (m,r).
20.7. Find ¢(2024) and p(2024).
20.8. Show that 2026! = —1 (mod 2027).
20.9. Is 2 a quadratic residue mod 20277
20.10. Calculate the Legendre symbol

(127)

127
Explain what it says in terms of quadratic residues.
20.11. Prove, using induction, that for n > 1
"=yt = (r—y) (" " Py oy ).

20.12. Factor: z° + ° using the above.
20.13. Find the least positive residue of 44 modulo 15.

20.14. Use a calculator to obtain the first ten terms of the simple continued fraction for
e &~ 2.718281828459045 . ... What is your guess for the continued fraction of e?

20.15. Find six solutions of the equation 26 —1 = 0 and plot the solutions in the complex
plane.

20.16. How many distinct elements are there in the list
1-91,2-91,3-91--- ,87-91 (mod 97).
20.17. Show that p divides
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20.18.

Show that the product of a quadratic residue of p and a non-residue of p is a

non-residue of p.

20.19.

20.20.

20.21.

20.22.
reason.

20.23.
reason.

20.24.
N(r)] <

20.25.

Show that H(p + 1)J is odd for a prime of the form p = 8k £+ 5.

Let p be a prime. Calculate

> p(d).

d‘plo
Is 5 a prime in Z[i|? If it is is prove it, if not find a prime dividing 5.

Write 83 as a sum of two squares. If it is not possible to do so, then give a
Write 89 as a sum of two squares. If it is not possible to do so, then give a
Let v = 54+ 4i and § = 3 + 4. Find ¢ and r such that v = dq¢ + r, and

IN(6).

A vendor selling oranges arranges the oranges in stacks of 3 there are two left;

when arranging them in stacks of 4, there are three left. When he arranges them in
stacks of 7 there is 1 left. What is the minimum number of oranges the vendor has.
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